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RESEARCH MEMORANDUM 


ANALYSIS OF TURBOMACHINE VISCOUS LOSSES AFFECTED BY CHANGES 

IN BLADE GEOMETRY 

By James W. Miser, Warner L. Stewart, and Warren J. Whitney 


SUMMARY 

The effect of changes in blade geometry on the viscous losses in 
turbomachines is analyzed. The variables affected by changes in blade 
geometry that are considered are blade number, solidity, aspect ratio, 
Reynolds number, and trailing- edge blockage. For changes in blade geom- 
etry that involve a change in blade chord length, the viscous losses are 
assumed to vary Inversely as the one-fifth power of the flow Reynolds 
number based on the blade chord length. 

Viscous loss can be expressed as a function of three variables: the 

blade height-to-spacing ratio, the solidity, and a height Reynolds number. 
Variations of the first two result in counteracting effects of the end- 
wall or the blade surface areas, or both, and the momentum loss per unit 
surface area. Thus, optimum values of blade number and solidity can be 
determined for the example turbine experimental data presented. However, 
for variations In the height Reynolds number, there is no effect of area 
to counteract the effect of changes In the chord Reynolds number} there- 
fore, for every Increase In the height Reynolds number an improvement In 
aerodynamic performance Is predicted. 

In the analysis it is determined that the blade number can be changed 
over a wide range from the optimum value with little effect on blade vis- 
cous loss. For changes of solidity only, experimental data indicate that 
solidity can be varied over a more limited range with very little effect 
on the blade viscous loss. 

Because changes In the trailing-edge blockage also affect the blade 
total-pressure loss, the effect of varying trailing- edge blockage is 
analyzed. Trailing-edge blockage might affect to a large extent the num- 
+ ber of blades that correspond to the minimum total-pressure loss, espe- 

cially for large trailing-edge thicknesses. 
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INTRODUCTION 

As part of the NACA turbcanachine research program, the various 
factors that affect the source and magnitude of the aerodynamic losses 
within blade rows are being studied. The results of these investigations 
should provide the basis for design of more efficient turbines and point 
to new areas of research. 

The principal aerodynamic losses in turbomachines are attributed 
to the development of a boundary layer on the surfaces of the blades and 
the inner and outer walls. Recent investigations have been made with 
regard to the possibility of correlating losses in turbomachines on the 
basis of basic boundary- layer parameters. Reference 1 describes the basic 
boundary- layer parameters at the blade trailing edge and presents a method 
for calculating a two-dimensional loss from these param ete rs for an as- 
sumed simple-power-law velocity profile. Reference 2 shows that blade 
wakes obtained experimentally can be satisfactorily approximated by the 
simple-power-law velocity profile with an exponent of l/7. Reference 3 
presents a means of obtaining a three-dimensional loss based on mean- 
section boundary- layer parameters that are assumed to represent the 
average momentum loss over both the blade- and the end walls. On the 
basis of the preceding investigations, reference 4 presents a method of 
obtaining an effective momentum thickness for rotors based on turbine 
over-all performance and knowledge of stator losses. 

Using the relations between boundary- layer parameters and blade loss 
developed in references 1 to 4, an analysis is made herein of the effect 
of changes in blade geometry on the viscous losses in turbomachines. The 
variables affected by changes in blade geometry that are considered are 
blade number, solidity, aspect ratio, and Reynolds number. 

This report also presents a method of optimizing the blade number 
and solidity for a given application if- the blade loss variation with 
solidity can be estimated or experimentally determined. Also discussed 
are the penalties in performance that accompany deviations from optimum 
values of blade number and solidity. Because trailing-edge blockage af- 
fects the selection of-blade number, its effect on blade losses is also" 
considered. 


METHOD OF ANALYSIS 

The over-all blade losses considered in this report can be divided 
into two parts: (l) the blade viscous loss resulting from the develop- 

ment of a boundary layer on the blade surface and (2) the mixing loss 
associated with the mass-flow void behind the blade trailing edge. For 
a given trailing-edge blockage and flow velocity diagram, the blade vis- 
cous loss can be considered to be independent of that due to the 
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tralling-edge blockage. However, in determining the optimum number of 
blades on the basis of the minimum over-all blade loss, the effect of the 
trailing-edge blockage must be considered. For this reason, the effect 
of trailing-edge blockage on over-all blade loss is discussed in the sec- 
tion entitled RESULTS OF ANALYSIS. 

If the blade viscous loss is considered to be independent of the ef- 
fect of trailing-edge blockage, a relation between blade geometry and 
blade viscous loss can be developed. From this relation, optimum values 
of some of the blade geometric quantities are obtained, and then the ef- 
fects of deviating from these optimum values are determined. 

In reference 1, changes in the over-all blade viscous loss were 
found to be directly related to the momentum thickness at the trailing 
edge expressed in terms of a momentum- thickness parameter 0*. (See 
appendix A for definitions of symbols used in this report.) Therefore, 
changes in the value of the momentum- thickness parameter 0* are used 
herein to represent the trends of changes in the blade viscous loss with 
changes in the blade geometry. 

Throughout this report, fully developed turbulent-boundary-layer 
conditions are assumed. For turbcmachjnes , this assumption appears to 
be in good agreement with experimental results (see ref. 2). 


Relation between Blade Geometry and Blade Viscous Loss 

As a fluid passes over any surface, a boundary layer develops be- 
cause of the viscosity of the fluid. The viscous loss resulting from 
the development of the boundary layer is often described in terms of a 
momentum thickness 0 (see ref. l) . Considering the two-dimensional 
blade shown in figure 1, a boundary layer would build up on both the suc- 
tion and pressure surfaces therefore, there would be a momentum thick- 
ness for each, surface, namely 0 S and 0p. The sum of the momentum 

thickness on each surface is termed a total momentum thickness &tot* 

In reference 4, the average blade surface length was closely ap- 
proximated by the blade mean camber length. This reference also pointed 
out that the ratio of the blade mean camber length to the blade chord 
length c is almost a constant for a given velocity diagram over a wide 
range of solidities. In the subsequent development, it is more advan- 
tageous to express the two-dimensional blade surface area in terms of the 
blade chord length c j therefore, the momentum loss per unit blade surface 
area is represented herein by ®tot/^ c • This use of the blade chord 

length instead of the mean camber length affects only the magnitude of 
the momentum loss per unit surface area and in no way affects the results 
of the analysis presented herein. 
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The viscous loss along a "blade surface depends on the velocities 
and flow conditions along the surface. Reference 2 shows that the momen- 
tum thickness at any point along the blade surface can be expressed by 
the following equation, which is equation (6) of reference 2 rewritten 
with the symbols of this report: 



where 



The free-stream Reynolds number itef s , i at any point along the blade 

surface is based on the surface length from the leading edge to the 
point in question. The form factor H is the compressible-flow form 
factor . 


For variations in blade geometry that do not affect the velocity 
distribution along the blade surfaces, equation (l) shows that 


& 

c 


~ Re 


- 0.211 

c,fs 


( 2 ) 


where the chord length c is again used to approximate the blade sur- 
face length. The exponent-of -0.211 agrees closely with the exponent of 
-l/5 that is commonly used. in discussing viscous losses of turbulent 
boundary layers (e.g., refs. 5 and 6). In the following development, 
the momentum loss per unit blade surface area is assumed to vary in a 
manner- similar to that based on one surface only, as in equation (2), 
so that" 


0 tot 

2c 


«* Re 


-m 

c 
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pWc 
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(4) 


In the calculations of values used in. the figures of this report, the 
value of m is assumed equal to l/5. 


For variations in blade geometry that do affect the surface velocity 
distribution, such as a change in channel shape for a given solidity or a 
change in the solidity itself, equation (l) shows that the value of the 
momentum thickness for each surface will change, and thus the total mo- 
mentum thickness ©tot wLll change, therefore, even though the blade 

number and blade chord are specified, there can be a multitude of values 
of 0-tot for & given velocity diagram. 


To understand the changes in total momentum thickness with changes 
in velocity distribution, first consider a blade of ml nlrmim solidity 
that would have high blade loading. Such a blade could have a high ve- 
locity level on both surfaces as a result of both a low solidity and a 
channel designed for high velocities on both surfaces. In this case, 
the momentum loss per unit blade surface area ®tot/^ c would be high. 

Next, consider a blade of almost infinite solidity for which the veloc- 
ities on both surfaces would approach those of the axisymmetric solution. 
In this case, the momentum loss per unit blade surface area &tot/2c 
would approach a constant. Between these two extremes of solidity, the 
value of ®tot/^c depends not only on the solidity but also on the sur- 
face velocity distribution for each solidity. 

In addition to the velocity level on the blade surfaces, the static- 
pressure variation along the blade surface must also be considered. For 
instance, as the solidity is decreased, -the loading per blade must in- 
crease to maintain the same velocity diagramj and, as blade loading in- 
creases, the static-pressure difference between the two surfaces also 
Increases. If the static pressure on the suction surface decreases be- 
low that at the blade exit, then a static-pressure rise must occur, 
causing the boundary layer to thicken rapidly and possibly separate from 
the surface. (This boundary- layer condition is known, as surface diffu- 
sion.) If the static pressure on the pressure surface rises above the 
static pressure at the blade inlet, then a surface diffusion would occur 
on the pressure surface. Thus, It can be seen that for a given solidity 
a wide range of blade losses could occur, depending on the amount of sur- 
face diffusion that is allowed to occur and on which surface the diffu- 
sion takes place. 
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In view of the multitude of values of ®tot/ 2c that could exist 

for a given solidity, it is necessary to define which values should be 
used for each value of solidity; otherwise, an expression of <W 2 <= 

as a function of solidity would be impossible. In an analysis of this 
sort, the minimum momentum loss per unit blade surface area for a given 
solidity and velocity diagram should be used. With the design procedures 
of 1- references 7 and 8, the authors feel that it is possible to control 
the surface velocities at _ design operating conditions to attain close to 
a minimum momentum loss per unit blade surface area. With the surface 
velocities thus controlled, it seems reasonable that &tot/2c can be ex- 
pressed as a function of solidity. 

With the preceding stipulation on the momentum loss 
surface area, for a given solidity the value of ©tot/2c 
of the blade chord length c can be related to that for 
value of blade chord length by equation (3), which shows 

e tot / e tot\ / Re c ,ref\ m 
2c V 2 = / ref \ Re c / 

In a two-dimensional cascade such as shown in figure 2, the blade 
loss can be described by a momentum- thickness parameter which 

represents the tangential projection of Stot divided by the 
blade spacing (see ref. l) , or 


per unit blade 
for one value 
a reference 
that 

(5) 


e 2-D 


e tot 
s cos 


which modified is 


&■ 


V to-£\ 

“V— /■ 


2c 


2-D \ 2c / s cos 

Substituting equation (5) into equation (6) and simplifying give 

el 


( 6 ) 


/ e tot> 

| /^ e c,refN 

m 

1 C 

\ C } 

ref\ Re c / 

‘ s cos 


(7) 


For the three-dimensional case of- turbomachines , the inner and outer 
walls also contribute to the vIbcous loss of~a blade row; therefore, a 
three-dimensional analysis must be considered that includes the wall ef- 
fect. Reference 3 shows that the three-dimensional loss can be satis- 
factorily predicted from the two-dimensional loss. based on mean-section 
conditions by the following relation: 
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e 3-D = e 2-D^- + — 

where ag is the blade stagger angle, <y is the blade solidity, and 
is the aspect ratio. Then, substituting equation (7) into equation (8) 
and replacing os4 by its equivalent, b/s, result in 



Substituting equation (4) into equation (9) gives 



To organize equation (10) a little differently, let 



Then, substituting equation (ll) into equation (10) , cr for c/s, and 
rearranging the terms give 



A B C 


By arranging the terms in equation (12) as shown above, the viscous loss 
for a given velocity diagram, as represented here by a three-dimensional 
momentum- thickness parameter, is shown to be a function of three vari- 
ables, the blade height- to-spacing ratio b/s, the blade mean-section 
solidity a, and a Reynolds number based on blade height Re^, (herein- 
after called a height Reynolds number) . Examples of the changes in 
blade shape for each of these variables are given in figure 3. The ef- 
fect of the change of each variable is determined in the remainder of 
the analysis and is discussed in the RESULTS OP ANALYSIS. 


It should be noted that the blade stagger angle a s and the blade 
outlet relative gas -flow angle Pj_ are largely dependent on the velocity 
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diagram and are approximately constant for a particular application; 
therefore, they are considered to be constant for each set of design 
conditions . 

With regard to stating ( e^^/c ) ref <_ as a function of solidity a 

in equation (12), it - should be remembered that, according to previous 
stipulations, there is considered to be only one value of 6^ 0 ^./c for 

each value of solidity based bn the minimum momentum loss per unit blade 
surface area for a given solidity and velocity diagram . 

Determination of Optimum Blade Geometry 

Equation (12) shows that the viscous loss of a blade row is a func- 
tion of three independent - variables, the blade height- to-spacing ratio 
b/s, the solidity a, and the height Reynolds number Re-^. Because of 

the independence of these three variables, an optimum value of the 
momentum- thickness parameter 9 ^_d can be determined by optimizing each 
variable separately. Also, the effect~of each variable on can be 

studied independently. 

Blade height- to- spacing ratio and related parameters . - For a de- 
crease in the blade height- to- spacing ratio b/s resulting from a change 
in blade spacing s (holding solidity a and height Reynolds number Re^ 
constant) as shown in figure 3(a), the total surface area of all the 
blades does not change, but both the chord length and end- wall areas in- 
crease. As the chord length becomes longer, the chord Reynolds number 
Re c Increases. Thus, by equation (3) the- momentum loss per unit blade 
surface area decreases . Counteracting the effect of this reduction in the 
momentum loss per unit surface area is the increase in end-wall area over 
which the momentum loss occurs. This counteraction indicates the possi- 
bility of obtaining some optimum value of b/s (or, in effect, an optimum i 

number of blades) which would be required to give a minimum value of blade 

viscous loss. — - . 

it 

To determine a minimum value of 03 _j) as a function of the blade 
height- to- spacing ratio b/s (holding a and Re^ constant as indi- 
cated by subscripts on the partial derivative), let 
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From equation (12), 

UbT - Kl) + oos “= (m ' 1) W 

The value of the optimum blade height- to- spacing ratio can then be ex- 
pressed as 

0)^ -(= - ^ COfl “b 

Because the value of m can be assumed equal to l/5, the value of 
(b/s) Q p^. is thus determined by the stagger angle a s , which itself is 

approximately specified by the blade velocity diagram (see appendix B) . 
Therefore, on the basis of the velocity diagram alone, an optimum blade 
height- to- spacing ratio can be determined. 


In order that the results of the preceding analysis can be inter- 
preted in terms of the blade number N and the aspect ratio , let 


and 



(14) 


(15) 


Dividing equation (14) by equation (15) gives 



(16) 


How, since the hub-tip radius ratio is specified by the velocity diagram 
and since (b/s) 0 p^- is fcnown from equation (l3), then the optimum number 

of blades for these conditions and a constant hub-tip ratio from blade 
inlet to outlet can be obtained from the following rearranged form of 
equation (16): 
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or from its equivalent form 

/i + ^\ 

N C pt = *(5 - l)c°s (- ^ j U?) 

Curves of R 0 pt as a function of ^h/ r t f° r a ran S e of values of a s 
are shown in figure 4 for an m of l/5. 


The value of-the optimum blade height -to- spacing ratio determined 
by equation (13) corresponds to a particular value of the product of the 
solidity a and the aspect ratio as shown by 



(18) 


Equation (18) can be interpreted to mean that for a given velocity dia- 
gram and a given solidity there is a value of the aspect ratio which will 
result in a minimum viscous loss for the given conditions. Figure 5 
shows such values of aspect ratio over a range of solidities and velocity 
diagrams (as shown by the stagger angle a g ). If the optimum solidity is 

known or estimated from appendix B, then an optimum aspect ratio can be 
determined. 

Solidity . - For an increase in solidity a (holding the blade 
height- to- spacing ratio b/s and height Reynolds number. Re^ constant ) , 

the blade chord length c and the surface areas of both the blade and 
end walls increase as shown in figure 3(b) . The momentum loss per unit 
surface area ®tot/ 2c decreases as a result of both a decrease in the 
blade loading (which decreases the velocities on the blade surfaces, as 
discussed previously) and the effect of an Increase in the chord Reynolds 
number (see eq. (3)). Counteracting this reduction In the momentum loss 
per unit surface area is an increase in the total blade surface and end- 
wall area over which the momentum loss occurs. This counteraction Indi- 
cates the possibility of obtaining an optimum solidity that would result 
in a minimum value of blade viscous loss. 
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To determine a minimum value of viscous loss with respect to solidity 
(holding b/s and Re^ constant), let 


m 


dB 


Sa /b/s,Re^ <lcr 


= 0 


From equation (l2). 


dB _ / 9 tot\ 
dxr \ c / re f 


(1 


\ —m f 1 — m\ \ ^ ref 
m) ct m + (a 1 m ) ^ 


(19) 


The value of the optimum solidity can then be expressed as 


J °pt - t 1 - 


/ ref, opt 


dcr 


JOisi) 

\ c /ref J 


( 20 ) 


'opt 


A method of determining the optimum solidity is to rearrange equation 
(20) as follows: 


^ - -tr ^ 


[{¥) 

Wr 


opt 


and to express it as 

a(m » opt ) - -(j-r-s) d [ 1I1 ^ 2i ) ref , 

Then, by further rearrangement, 

{¥) 


opt 


lm - - . 

ref , opt 1 , . 


( 21 ) 


Therefore, if (®tot/ c ^ref plotted as a function of solidity cr on 
logarithmically scaled paper, the optimum solidity cr 0 pt can be deter- 
mined by the point where the slope of a tangent to the curve is equal to 
-(l - m), as in figure 6 for the example turbines. 
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HeigMr Reynolds number . - The height Reynolds number Re^ can 

change as a result of both a change in blade height and a change in the 
blade inlet flow conditions. In the following development, only the 
change in height Reynolds number resulting from a change in blade height 
is considered. The effect of a change in height Reynolds number result- 
ing from a change in the inlet flow conditions is discussed in the sec- 
tion entitled RESULTS OF ANALYSIS. 

The turbine design conditions that - remain constant during a change 
in height Reynolds number resulting from a change in blade height only 
are the hub-tip radius ratio, the rotor tip speed, and the velocity dia- 
grams at corresponding radial positions. In order to hold these condi- 
tions constant, the weight flow and annulus area must vary as the square 
of the tip diameter. 

For an Increase in Re^, as prescribed (holding the blade height- 
to-spacing ratio b/s and solidity a constant, fig. 3(c)), the 
total end-wall and blade surface areas increase as the square of the 
tip diameter, and the chord length c increases directly as the blade 
height (or tip diameter) . The increase In the blade chord length c 
results In an increase in the chord Reynolds number Re c , which re- 
sults in a reduction in the momentum loss per unit surface area (see eq. 
(3)). For the specified increase in Ret), the weight flow and total 
surface area increase proportionally; therefore, on the basis of the mo- 
mentum loss per unit of free-stream momentum, the effect of the Increase 
in chord Reynolds number on the reduction of the momentum loss per unit 
surface area Is not counteracted by the increase in total surface area 
as in the case of changes in the blade height- to- spacing ratio b/s and 
solidity a. Then, as the blade height Reynolds number Increases, the 
viscous losses as defined by the momentum- thickness parameter 63.0 

would decrease; and, since there is no counteracting effect of a change 
in surface area, there will be no optimum value of the height Reynolds 
number. 

To verify the preceding discussion mathematically, letting Re^ 
vary and holding b/s and cr constant, set 



dC 

dRet 


= -mRe^ 


-m- 


1 


From equation (12), 
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For equation (22) to be true, the value of Re^ must approach infinity^ 

therefore, there is no minimum value of 03 _d obtainable for changes in 
Re^ only . 


Effect of Changing Blade Geometry 


Sometimes a compromise has to be made between aerodynamic efficiency 
and mechanical considerations j therefore, it is important to know what 
penalty is paid in performance by deviating from an optimum blade con- 
figuration. In the .following sections the difference in the loss for a 
given blade configuration and that for an optimum or reference configura- 
tion is indicated by the ratio of a momentum-thickness parameter to 
either a minimum or reference momentum- thickness parameter. The changes 
in geometry that are studied are defined by the three primary variables 
previously considered, namely, the blade height- to- spacing ratio b/s, 
solidity a, and height Reynolds number Ret,, where the blade inlet flow 
conditions are considered to be constant. 


Blade height- to-spacing ratio . - From equation (12), the change in 
the value of the momentum- thickness parameter with a change in the blade 
height-to-spacing ratio b/s for a given velocity diagram (holding the 
solidity cs and height Reynolds number Reb constant) as shown in fig- 
ure 3(a) can be expressed by 




(23) 


Having prescribed the blade height b constant by assuming a constant 
value of the height Reynolds number Re^ as discussed previously, then, 
for a given hub-tip ratio. 


b 

_s _ _N 

£\ N opt 

s / opt 


(24) 


which, rearranged, is 


b _/b\ _N 

8 3 'apt ^opt 


( 25 ) 
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Substituting equation (13) 


into equation (25) gives 


b 

s 



>-) 


cos a B 


• w 

N 0 pt 


(26) 


Then, substituting equations (13) and (26) into equation (23) and simpli- 
fying give 



The variation of the momentum- thickness parameter with the number of 
blades as given in equation (27) is shown by figure 7(a) and is dis- 
cussed. in -the RESULTS OF ANALYSIS. 


Solidity . - From equation (12) , the change in the value of the 
momentum- thickness parameter with a change in solidity a for a given 
velocity diagram (holding the blade height-to-spacing ratio b/s and 
height Reynolds number Rep constant) as shown in figure 3(b) can be 
expressed by 



Values of (^tot/^ref could be obtained from a curve of ®tot/ c sls a 

function of a such as figure 6. The curve in figure 6 is based on the 
experimental performance- of four- turbine rotors differing only in so- 
lidity. The method for obtaining the value of e tot / c f° r eac ^ rotor 

Is discussed in connection with the DESCRIPTION OF EXAMPLE TURBINES. 

From figure 6, values of- ( 0-tot/e) / ( ®tot/ c) 0 pt were calculated for a 
range of values of assuming that the optimum values correspond 

to the point where the slope of the curve Is equal to -(l - m) as pre- 
viously discussed. Then, by substituting these values into equation (28) 
and using an m of 1/5, corresponding values of ® 3 _p /®3 p m -t n were 

calculated. The variation of e 3-D/®3-D,min a / cr opt shown in 

figure 7(b) and is discussed later in the RESULTS OF ANALYSIS. 

Blade helght-to- spacing ratio and solidity combined . - For a given 
velocity diagram, the effect of varying the blade height- to-spacing ratio 
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(or blade number) and solidity (holding the height Reynolds number Re^ 

constant) can be determined by superimposing the effect of one upon the 
other. From equations (27) and (28) , 



Because the effects of varying the blade height- to- spacing ratio and so- 
lidity are represented by a product in equation (29), the effect of vary- 
ing one of these two variables, holding the other variable at some value 
other than optimum, is to increase by a constant multiplier the amount 
of the change of min with the chosen variable. For example, 

for a constant N/N Q pt ^ 1-0 the effect of a solidity variation on 
s ?-d/ ^-D ,rain f 8 magnified by the value of ®3 _d/ ^ 3-D,min calculated 
by equation (27) for the particular value of n/Nq^^. . A Bimilar effect 
on the variation of 0 3_D/ 0 3-D,rain wi’k* 1 ®/^opt exists for 
ff/a 0 pt ^ 1.0. The combination of the effects of changes in blade number 
and solidity on the value of ^ 3 _d/ 0 3 _d min. is shown in figure 7(c) and 
is discussed later in the RESULTS OF ANALYSIS . 


Aspect ratio . - In order to determine the variation in the momentum- 
thickness parameter with changes in aspect ratio for a given velocity 
diagram (holding the height Reynolds number Re^ constant), substitute 

equation (18) into equation (24) as follows: 



N 

^opt 


(•s^opt 


(30) 


Then, on the basis of the discussion of equation (18), for an optimum 
value of solidity, an optimum aspect ratio can be determined. Then, 
assuming an optimum solidity for the condition of an optimum blade 
helght-to-spacing ratio, equation (30) can be rearranged in the follow- 
ing form: 


a N 

°Opt yB^Opt/ N Opt 


( 31 ) 
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Now, if sf / ^ 0 pt assumed to "be constant, then equation (3l) repre- 
sents the equation of a straight line through the origin with a slope of 
Such lines of constant sfj are shown on figure 
7(c), and they indicate the variation of ®3-D/®3-D^mln for blades of 

constant height and constant chord length, but varying blade number and 
solidity. 

Height Reynolds number . - As previously discussed, there is no op- 
timum value of the height Reynolds number Ret, obtainable; therefore, 
the variation of the momentum- thickness parameter with a change in Ret 

for a given velocity diagram (holding the blade height- to- spacing ratio 
b/s and solidity a constant) is based on a specified, or reference, 
value of Ret as in the following equation: 



For constant inlet flow conditions, equation (32) can be expressed as 

/ g 3-P \ /b ' 

\ 0 3-D,ref/b /s , a vref / 

As shown by equation (32), the momentum- thickness parameter 

varies as the -m power of the height Reynolds number for the condi- 
tions specified. This variation of 03 _d with Re^ is shown in figure 

7(d) and is discussed in the RESULTS OF ANALYSIS. 


DESCRIPTION OF EXAMPLE TURBINES 

The four turbines chosen for use in the development of the analysis 
of this report have been previously reported In reference 9. Also dis- 
cussed Is a fifth turbine reported in reference 10. All five turbines 
are briefly discussed herein, and same of the geometric and performance 
variables sire given in table I. More complete descriptions of the de- 
signs and test results are given in references 9 and 10. 

The four turbines of reference 9 differed in the number of rotor 
blades only, and they consisted of 64, 44, 32, and 24 blades. The blade 
shapes were the same for each number of. blades; and, to change the blade 
spacing for different numbers of blades, spacers were placed between the 
blade bases. It should be noted that the variation in number of blades 
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results in a variation of solidity without a subsequent change in blade 
profile to control the blade surface velocities. In spite of this, low 
surface diffusions probably occurred because the flow within the rotor 
passage turned through an angle of only 51° at the mean section. There- 
fore, the four turbines of reference 9 should yield a variation of blade 
viscous loss that is fairly representative of the values of minimum vis- 
cous loss for each value of solidity. 

Hie example turbines had a tip diameter of 14 inches and a hub-tip 
ratio of 0.6. The chord setting angle of all the rotor blades was 28°. 

The blade-section coordinates for the 88-blade rotor were half those for 
the 44-blade rotor. For each of the five turbines, the same stator blades 
were used. 

The viscous loss calculated _for the five turbine rotors was based on 
an effective momentum thickness 8-tot calculated for each of the rotors 

by the method given in reference 4. The effective momentum thickness for 
each rotor was determined from a rotor loss total-pressure ratio based 
on experimental performance data obtained at design operating conditions. 
In order to calculate the rotor loss total-pressure ratio, it was neces- 
sary to determine the turbine over-all total-pressure ratio at design 
specific work and speed by interpolating between total-presBure- ratio 
contours shown on an experimentally obtained performance map. It was 
also necessary to obtain a value of loss total-pressure ratio for the 
stator used. 

The design-point efficiency based on the interpolated value of total- 
pressure ratio can be calculated to three decimal places with only a 
probable error of about 1 in the third place due to the Interpolation. 
Although the absolute value of efficiency to this degree of accuracy Is 
questionable, the trend of the rotor viscous loss based on the perform- 
ance maps of the five turbines should be fairly accurate, because the 
same test facility. Instrumentation, and procedure were used for each 
turbine. The variation in design-point efficiency of the four turbines 
of reference 9 is presented as a function of solidity a in figure 8. 

If figure 8 is compared with figure 6(a) of reference 9, It should be 
noted that reference 9 compares the four turbines on the basis of a max- 
imum efficiency and a solidity based on the axial blade chord length. 
Therefore, the values In figure 8 are not equal to those in figure 6(a) 
of reference 9. 


RESULTS OF ANALYSIS 

In previous sections, the variation of viscous loss with changes in 
blade geometry has been developed. The principal variables that were 
found’ to have a direct effect on the viscous loss for a given velocity 
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diagram are the blade height-to-spacing ratio b/s, the solidity a , and 
the height Reynolds number Rev, . The results of the previous analysis 
and the significance of each of these variables are discussed below. 

Since the trailing-edge blockage also affects the over-all blade loss 
after mixing, a brief account of its effect on the selection of the num- 
ber of blades that will result in the minimum over-all blade loss will 
be discussed in connection with the effect-of the blade height- to- spacing 
ratio. 


Blade Heigh t-to- Spacing Ratio 

As pointed out previously, the effect of— varying the blade height- 
to-spacing ratio (holding the solidity cr and height Reynolds number 
Re^ constant) as shown in figure 3(a) results in a chord Reynolds num- 
ber effect on the-momentum loss per unit surface area, which is counter- 
acted by a change in the area of the end walls, while the total blade- 
surface area remains constants - These counteracting effects are shown by 
figure 7(a) to counterbalance each other over "a' wide range of blade- 
number ratio N/N 0 pt, especially at blade numbers greater than the opti- 
mum. For example, over a range of N/N 0 -^ from 0.37 to 2.60 (a change 

in blade number of about 7 to l) the change in the momentum- thickness 
parameter never exceeds 10 percent of - the minimum value. - A similar re- 
sult is shown in figure 48 of reference 11, which gives the variation in 
compressor efficiency with the number of blades. 

This insensitivity of blade loss tcra change in number of blades is 
also indicated by the experimental and predicted losses of the 88-blade 
rotor of reference 10 and the 44-blade rotor of reference 9. Both of 
these rotors were designed for the same solidity, blade height, and 
sta gg er angle and operated at similar inlet flow conditions. Therefore, 
the fundamental difference between the rotors was the number of blades 
(or aspect ratio) . Comparing the design-point efficiencies determined 
by the method of interpolation discussed in the DESCRIPTION OF EXAMPLE 
TURBINES shows that the efficiency of 0.887 for the 88-blade rotor is 
slightly less than the 0.891 for the 44-blade rotor. These two values 

of efficiency can be considered equal considering the possible experi- 

mental error $ however, it is interesting to compare this small change in 
efficiency with the predicted change In the rotor blade viscous loss as 
indicated by figure 7(c). The optimum values of blade number and solidity 
used in determining the location of the data points for the two rotors in 
figure 7(c) were based on the optimum values predicted in the METHOD OF 
ANALYSIS. The data point for the 44-blade rotor is on an si f ^/ 0 pt H ne 

of 0.9 and in a region of ®3_D/ 0 3-D,min l ess than 1.01, and the data 
point for the 88-blade rotor is on an si j si Q line of 1.8 and in a 
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region of ®3_D/®3-D,min about 1.038. This small difference in the 

momentum- thickness-parameter ratio indicates that the 88 -blade rotor 
would have a slightly higher viscous loss than the 44-blade rotor. Com- 
parison of this result with the small difference in design-point effi- 
ciencies shows that the slight increase in viscous loss agrees with the 
slight decrease in efficiency. This comparison and results discussed 
later indicate that for the five example turbines an Increase in 
® 3 -d/® 3 -D m ^ n of 0.01 corresponds to a decrease in efficiency of about 

0 . 001 . 


Because the four turbines of reference 9 have the same aspect ratio, 
their values would be located on the constant sfj line through the 

data point for the 44-blade rotor shown in figure 7(c). The experimental 
variation of ®tot / c with a used to obtain this figure is represented. 

by the variation of 63 min along this constant line. 

In the method presented for determining the optimum number of blades 
for a given velocity diagram, the losses associated with the trailing- 
edge blockage were assumed to be constant. If, however, the trailing- 
edge thickness cannot be reduced as the blade number Is increased, the 
trailing-edge blockage must increase with an increase in the number of 
blades. Although the magnitude of the change in over-all blade loss with 
a change In trailing-edge blockage cannot be accurately determined by 
theory, the trend of the changes can be obtained from the theory. For 
example, the results of a series of calculations made for the stator of 
reference 8 by the method, given in appendix C are shown In f igure 9 . In 
this figure, the variation in the loss total-pressure ratio pJj/Pq repre- 
sents the variation In the over-all blade loss after mixing. 

In figure 9, the values shown for zero trailing-edge thickness repre- 
sent the variation In the over-all blade viscous loss with changes In 
blade number similar to that shown in .figure 7(a). For a given blade 
number, the difference between the loss at any given trailing-edge thick- 
ness and that at zero trailing-edge thickness represents the contribution 
of the trailing-edge blockage to the over-all blade loss. 

The two circled points In figure 9 represent results for the same 
trailing-edge blockage but for different blade numbers and trailing-edge 
thicknesses, namely, 40 blades with 0.050-Inch- thick trailing edges and 
80 blades with 0.025-Inch- thick trailing edges. The difference between 
the loss total-pressure ratios for trailing-edge thicknesses of zero and 
0.050 inch for 40 blades Is equal to the difference in loss total- 
pressure ratios for trailing-edge thicknesses of zero and 0.025 inch for 
80 blades. Similar comparisons can be made elsewhere on the figure; 
therefore, the assumption that the loss associated with the trailing-edge 
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blockage is constant for a constant trailing- edge blockage but varying 
blade number seems to be valid for a specified velocity diagram. 

As an example of the variation of-over-all blade loss with a change 
in trailing-edge blockage, consider the curve in figure- 9 for a constant 
trailing-edge thickness of 0.050 inch. This curve indicates a change in 
the loss total-pressure ratio from 0.9535 to 0.9695 with a change from 
60 to 23 blades. Comparing this variation with that for zero trailing- 
edge thickness indicates that the loss associated with trailing-edge 
blockage may be high and that this loss should be considered in select- 
ing the number of blades corresponding to the minimum over-all blade 
loss. — r ' 


It should be noted that the optimum number of blades decreases with 
increases in the trailing-edge thickness. For example, figure 9 indi- 
cates that the optimum numbers of blades for trailing-edge thicknesses 
of 0, 0.010, 0.025, and 0.050 inch are 46, 38, 30, and 23, respectively. 
Therefore, the use of figure 4 in determining the optimum number of 
blades is only applicable when considering a constant trailing-edge 
blockage and not when considering a constant trailing-edge thickness. 
Because variations In trailing-edge blockage affect the value of the 
blade number corresponding to a minimum over-all blade loss, it is neces- 
sary to determine the optimum number of blades for a specified trailing- 
edge thickness by considering both changes in the blade viscous loss and 
the loss associated with the trailing-edge blockage. This can be done 
by determining the values of the loss total-pressure ratio for a given 
trailing-edge thickness over a range of -blade numbers by the method given 
in appendix C and then selecting the blade number corresponding to the 
maximum loss total-pressure ratio. 

It should also be noted from figure 9 that, for a change in the 
trailing-edge thickness from zero to 0.050 inch, the maximum loss total- 
pressure ratio changes from 0.9735 to 0.9695. Therefore, if thick trail- 
ing edges are required, little penalty will be paid if the blade number 
is reduced to correspond to the minimum over-all blade loss for the 
trailing-edge thickness required. 


Solidity 

It was pointed out In the analysis that varying the solidity (hold- 
ing the blade height- to- spacing ratio b/s and the height Reynolds num- 
ber Re^ constant) as shown In figure 3(b) results in a change in the 

blade chord length and the surface areas of both the blade and end 
walls. It was also noted that the momentum loss per unit surface 
area changes with solidity as a result of the effects of a change in 
the chord Reynolds number and the blade surface ‘velocity-distribution, 
and that a change in the viscous loss as a result of a change in momentum 
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loss per unit surface area is counteracted by a change in the blade sur- 
face and end-wall areas. These counteracting effects are shown by fig- 
ure 7(b) to counterbalance each other over a range of solidities from 
about cr/cr 0 p^ of 0.73 to 1.31 (or a change of about 2 to l) , where the 

change in the momentum.- thickness parameter never exceeds 10 percent of 
the minimum value. This variation in the viscous loss with solidity 
can be compared with the variation in efficiency for the example tur- 
bines shown in figure 8. For example, from a solidity of 1.20 to 2.25, 
with an optimum indicated at about 1.65, the efficiency remains within 
0.01 of the maximum efficiency. A similar wide range of solidities with 
little effect on design-point performance is also indicated by the tran- 
sonic turbine rotors of references 7 and 12. The rotor of reference 7 
had a solidity of 1.86 with a design-point efficiency of 0.869, and the 
rotor of reference 12 had a solidity of 2.86 with an efficiency of 0.872. 

A comparison of the variations of the momentum- thickness parameter 
with blade number and solidity as shown in figures 7(a) and (b) indicates 
that the viscous loss is more sensitive to changes in solidity than it is 
to the number of blades . This is especially true when comparing the 
values of the momentum- thickness -parameter ratio at greater than optimum 
values of solidity and blade number. This difference in the variations 
of viscous loss with solidity and blade number can be explained by the 
fact that the blade surface area changes with solidity but is constant 
as the blade number changes. Thus, the effect of a change in the momentum 
loss per unit surface area is offset more by changes in area with changes 
in solidity than it is with changes in area due to changes in the num- 
ber of blades alone. 

Considerable effort has been made to provide some means for estimat- 
ing an optimum blade solidity for a particular velocity diagram (see 
refs. 5, 9, and 13). It should be noted that Zweifel's method (ref. 13) 
is developed for incompressible and frictionless flow through a two- 
dimensional cascade and is based on the assumption of zero suction- 
surface diffusion in the case of reaction blade rows. For three- 
dimensional blade rows for compressible flow with both high- and low- 
reaction blade rows and with zero suction-surface diffusion investigated 
by the authors, the optimum solidities indicated by the test results 
closely agree with those predicted by Zweifel's method based on blade 
chord instead of axial chord. (This slight change in Zweifel's method 
is discussed in appendix B.) For example, the optimum solidity based 
on Zweifel's method for the example turbines of this report is 1.55 as 
compared with the optimum solidity of about 1.65 indicated by the per- 
formance results (see fig. 8) . Since a 30-percent variation from the 
optimum solidity results in less than 0.01 drop in efficiency, the 
optimum solidity predicted by figure 10, which is based on the develop- 
ment of appendix B, should result in efficiencies sufficiently close to 
the optimum. 
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Changes in Blade Height-to -Spacing Ratio and. Solidity Combined 

The variation of the momentum- thickness parameter with changes in 
both the number of blades and the solidity is indicated in figure 7(c). 
The area of the figure enclosed by the contour for ® 3 _p/® 3 _D m j_ n of 

1.10 approximately represents the region over which the difference be- 
tween the optimum efficiency and the efficiency for any configuration 
within the region would be less than 0.01. It— should be noted that this 
region covers a fairly large range of blade number and solidity; however, 
it is again evident that the blade lose is more sensitive to solidity 
than it is to the number of blades over the entire range of the figure. 


Height Reynolds Number 

The analysis showed that a change in the height Reynolds number for 
a- given velocity diagram (holding the blade height- to- spacing ratio b/s 
and solidity a constant) as shown in figure 3(c) results in a change 
in the blade surface and end- wall areas, the weight flow, and the blade 
chord length. It was pointed out, however, that only the change in blade 
chord length affects the viscous losses when considering the viscous loss 
per unit of free-stream momentum, and that there is no counterbalancing 
effect of area. Therefore, for every increase in the height Reynolds 
number either by varying the geometry or the inlet flow conditions there 
should be an improvement in blade performance, as shown by figure 7(d) . 

It should, be noted that the height Reynolds number is the only primary 
variable in equation (l2) for which there is not an effect to counteract 
the effect of- a change in chord Reynolds number. 

The effects of turbine size and inlet flow conditions on turbine per- 
formance have been reported many times in the past. For instance, an 
improvement in performance with an increase in Re^ due to changes in 
inlet' flow conditions only has been previously indicated by a series of 
tests on a single-stage turbine reported in reference 14 . For changes 
in stator size only, figure 15(b) of reference 5 indicates that, for a 
constant aspect ratio and solidity, the stator blade loss decreases with 
increases in blade height or, in effect, the height Reynolds number. 

For rotating blade rows, similarity is based not only on similar 
blade geometry and flow conditions but also on similar work output per 
unit- of wheel speed. This principle of similarity for turbomachinery 
is discussed in detail in reference 15. The parameter often used to 
correlater-the losses of turbomachines that are similar, as stated pre- 
viously, is a machine Reynolds number that is defined in reference 15 as 
the product of the rotor tip speed and the tip diameter divided by the 
kinematic viscosity at inlet conditions. In this case, variations in 
the tip diameter represent changes in the scale of- the turbine; there- 
fore, changes in blade height would be proportional to changes in the 
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tip diameter. Thus, the same correlations of the performance of similar 
turbomachines would be obtained for both the machine and height Reynolds 
numbers. The main difference between the two is that, for two-dimensional 
or three-dimensional, stationary or moving blade rows, the height Reynolds 
number can be usedj whereas, the machine Reynolds number applies specifi- 
cally to rotating components . 

The effect of the machine Reynolds number on the performance of a 
wide variety of turbomachines is presented in reference 16. This refer- 
ence shows that for every turbomachine reported the performance improved 
as the machine Reynolds number increased. A similar trend is also re- 
ported in reference 11, which shows that compressor and turbine perform- 
ance improves with an increase in the machine Reynolds number. 


SUMMARY OF RESULTS 

An analytical investigation of the effect of changing blade geometry 
on the viscous losses of axial-f Low turbomachines has been presented. 

It was found that the viscous losses can be expressed as a function of 
three independent variables: blade height-to-spacing ratio, solidity, 

and height Reynolds number. For values of these variables for a series 
of turbines for the same velocity diagram, a method of approximately de- 
termining the optimum values of the blade number and solidity was derived 
on the basis of experimental data for four conservatively designed tur- 
bine rotors. The effects of deviating from these optimum values were 
also presented. Since changes in trai.ling-edge blockage also affect the 
blade loss total-pressure ratio, an analytical means of studying its ef- 
fect on the number of blades corresponding to the minimum total-pressure 
loss was also given. 

In studying the effects of changes in blade height-to-spacing 
ratio, solidity, height Reynolds number, and trailing-edge blockage on 
the over-all blade loss it was found that, for a change in each vari- 
able independent of the other three: 

1. A change in blade number results in two counteracting effects 
resulting from changes in the chord Reynolds number and end- wall area. 
These two effects counterbalance each other fairly well over a wide 
range of blade number. 

2. A change in solidity results in two counteracting effects due to 
a change in the momentum loss per unit surface area and a change in the 
area of the blade surfaces and the end walls. These effects counter- 
balance each other over a more limited range of solidity than is the 
case when only blade number is varied. 
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3. A change in the height Reynolds number, resulting from either a 
change in the inlet flow conditions or_the scale of the turbine, results 
in a change in the viscous loss due to the effect of a change in the 
chord Reynolds number, and this effect is not counteracted by the change 
in the blade- surface and end- wall- areas . Thus, an increase in the height 
Reynolds number results in an improvement in over-all performance. 
Furthermore, the height Reynolds number is an important - parameter that 
should be considered in correlating the performance of— different 
turbcma chines . 

4. The trailing- edge blockage may affect to some extent the choice 
of the number of-blades corresponding to the minimum total -pressure loss. 
Also, the number of blades thus chosen will decrease with an increase in 
the trailing-edge thickness. 


Lewis Flight Propulsion laboratory 

National Advisory Committee for Aeronautics 
Cleveland, Ohio, June 22, 1956 
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APPENDIX A 
SYMBOLS 

function of blade height -to -spacing ratio in eq. (12) 
blade aspect ratio, b/c 
function of solidity in eq. (12) 
blade height, ft 

function of height Reynolds number in eq. (12) 
blade chord length at mean radius, ft 
boundary-layer form factor, b/8 
specific work, Btu/lb 

distance along blade surface measured from forward stagnation 
point, ft 

exponent defining effect of change in Reynolds number on ratio of 
momentum thickness to chord 

number of blades 

W 

exponent defining simple-power-law velocity profile, — — 

w fs 

absolute pressure, lb/sq ft 

Reynolds number based on blade height, pWb /\i 
Reynolds number based on blade chord length, pWc/p. 
radius, ft 

blade spacing or pitch at mean radius, ft 
blade trailing-edge thickness, ft 
absolute gas velocity, ft/sec 
relative gas velocity, ft/sec 
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Y length measured perpendicular" to blade surface, ft 

a absolute gas -flow angle measured from axial direction, deg 

ctg blade mean-section stagger angle measured from axial direction, deg 
P relative gas-flow angle measured from axial direction, deg 

X ratio of specific heats 

5 boundary-layer- displacement thickness, ft 

6* boundary-layer displacement-thickness parameter, defined as 

^tot 

s cos p-^ 

length from blade surface to edge of free-stream region between 
blade wakes measured perpendicular to blade surface, ft 

trailing-edge-thickness parameter, £ 

s cos P-^ 

r[ adiabatic efficiency 

0 cr squared ratio of critical velocity at turbine inlet to critical 

velocity at NACA standard sea-level temperature, ( Vcr,o/ v cr, al ) 2 

9 boundary-layer momentum thickness, ft 

0 

6* momentum-thickness parameter defined as £££ — 

s cos P]_ 

©tot effective momentum thickness based on turbine over-all performance, 
ft (see ref. 4) 

p gas viscosity, lb/(ft)(sec) 

p gas density, lb/cu ft 

a blade solidity at mean section, c/s 

typ coefficient of aerodynamic loading (see ref. 13) 

Subscripts : 

cr conditions at Mach number of 1.0 
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fs free stream, or that condition between blade wakes 
h hub 

l referring to any particular value of l 

ra mean 

min minimum 

opt optimum 

p pressure surface 

ref reference or base value 

s suction surface 


O 

$ 

el 

NACA standard sea-level conditions 

-<# 

i 

t 

tip 

8 

tot 

total of suction- and pressure-surface values 


u 

tangential 


X 

axial 


0 station just upstream of blade leading edge 

1 station just inside blade trailing edge 

2 station downstream of trailing edge where circumferentially uniform 

conditions exist 

2- D two-dimensional, considering mean-section profile only 

3- D three-dimensional, considering blade surface and passage end-wall 

boundary layer 

Superscripts: 

* total state 


It 


relative total state 
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APPENDIX B 


A METHOD OE_ DETERMINING OPTIMUM SOLIDITY 


In reference 13 a method is developed for predicting an optimum 
solidity for turbomachine blading. In this method a coefficient of aero- 
dynamic loading is defined by equation (14a) of- reference 13, which 

rewritten in the symbols of this report is 


\|frp = 


2 cos 3 2 sin(gp - p 2 ) s 
cos p 0 c x 


(Bl) 


(In checking the derivation of \(rrp, it was found that the reference- showed 
an exponent of 2 for the term corresponding to cos (32 By mistake. In 
order that will always be positivey-let the sense of the relative 

gas -flow angles measured from the axial direction be such that the term 
sin(pQ - P 2 ) is always positive.) 


The basic assumption used herein and in the reference is that the 
optimum solidity based on axial chord length <^ x ,opt wou dd Be defined by 

a T|riji of-0.8 for any-set of inlet and outlet flow angles. Thus, ct x 0 p-^ 
can be obtained from the equation 

a = = 2 ' 5 cos ^2 sln (Po ~ P2) (B2) 

CT x,opt ~ s/ opt “ cos p 0 

In order, to obtain the optimum solidity based on blade chord length 
a instead of that based on the axial chord length cr x from equation (B2), 
it is necessary to determine the stagger angle Og (fig. 11 ), because 
the two solidity values are related as follows: 

a = — (B3) 

COS CCg 


The stagger angle— a 8 can be closely approximated by assuming that the 
blades are designed as shown in figure 11, with the assumptions that 

(1) The leading and trailing edges have zero thickness. 

(2) The suction-surface lengths from J to K and from L to M 
are. straight and set at angles equal to the inlet and outlet flow angles, 
respectively. 
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(3) The suction surface from K to L is a circular arc of radius 
a. To simplify the development, let the "blade spacing s be equal to 
1.0; then, e x is equal to Ox> and some of the lengths shown in figure 11 
can be expressed as trigonometric functions only. In the development, 
the inlet flow angle Pq is considered positive, and the outlet flow 

angle p 2 is considered negative as shown. 

From figure 11 it can be seen that 

cr x = sin Pq cos Po + a sin Pq - a sin p 2 - sin P 2 cos P 2 (B4) 


By rearranging equation (B4), 

cr x - sin Po cos Po + sin P 2 cos P 2 
8 ~ sin Po - sin P 2 


(B5) 


Substituting equation (B2) into equation (B5) gives 

2.5 cos P 2 sin(PQ - P 2 ) - sin Pq cos 2 Pq + cos Pq sin P 2 cos P 2 


8 = 


COS P 0 (sin Pq - sin P 2 ) 
The stagger angle is given by 


ctg 


= tan~-L 


(BS) 

(B7) 


and, from figure 11, 

j = sin 2 p 0 - a(cos p 0 - cos p 2 ) - sin 2 p 2 (B8) 

The value of the stagger angle is thus defined by the inlet and outlet 
flow angles Po and p 2 , because a, j, and cr x are functions of 

these two angles. Therefore, the value of the optimum solidity cr 0 p£ 
can be determined by substituting the values of Pq and p 2 into 
equations (B2), (B6), and (B8) and solving equation (B3) . 

For a range of inlet and outlet flow angles that usually occur In 
turbines, the optimum solidity was calculated. Figure 10 presents the 
results of these calculations, which were limited for the most part to 
reaction blading. 
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APPENDIX C 


EFFECT OF VARYING TRAILING -EDGE BLOCKAGE 

la addition to the viscous loss along the blade surface, there is a 
total-pressure loss resulting from the mass-flow void behind the blade 
trailing edge (fig. l) . Theoretical Investigations of the effect of 
trailing-edge blockage on blade losses including mixing are reported in 
references 1 and 17 , and ah experimental investigation of the effect of 
a reduction in turbine stator trailing-edge thickness is reported in 
reference 12. Also, results of an investigation of the effect of trailing- 
edge thickness on the drag of an airfoil in the Mach number range-of 0.7 
to 1.6 are given in reference 18. In each of- these references the- losses 
including mixing increase with both trailing-edge thickness end Mach 
number- . 

Even though the magnitude of the change in total -pressure loss for 
a given change in trailing-edge blockage cannot be accurately determined 
from theory (see ref. 12), at least the trends of the total -pressure loss 
with variations in trailing-edge blockage can be approximated. 


Variation of-Trailing-Edge Thickness Only 


For a variation in trailing-edge thickness .only, the conditions 
inside the trailing edge (station 1 In fig, 2) can be approximated from 
specified design conditions at station 2. From the design weight-flow 

( pWx \ 

parameter atr station 2, r^tty — ■ I , the weight-flow parameter at-station 1 

can then be determined by considering the reduction in flow area attributed 
to trailing-edge blockage by 



(Cl) 


The flow angle at station 2, fig, is used in equation (Cl) because itrwould 
be specified by the velocity diagram and it closely agrees with Pp in 
most cases. Assuming no change in the whirl component of the velocity, 



(C2) 


Then by means of a "weight-flow" chart for the appropriate value of the 
ratio of specific heats T, such as figure 3 of reference 19, the critical 
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velocity ratio at station 1, (r? — 1 , can. be determined for the values 

Xj^cr/fs,! 

obtained in equations (Cl) and (C2) . The value of Pi can then be 
obtained from 

Pi = sin -1 (C3) 

' Wfs,l 

A small increase in t results in a comparatively small decrease in 
p-]_. Then, assuming that ®tot is c 0118 ^ 811 ^ during changes of t, the 

value of 6 * ^ decreases with an increase in t because of the decrease 

in the value of Pi (see eqs . (6) and (12)). 

In the method of computing a loss total-pressure ratio given in ref- 
erence 3, the displacement-thickness parameter 8 *_d is computed from 
the equation 


& 3-D = h0 3-D 


(C4) 


factor H is a function of 


where H is the form factor, and its values used herein correspond to a 
simple-power-law velocity profile with an exponent n of l/7. The form 

increases. Thus, H increases to some small degree with an increase in 
trailing-edge blockage. However, decreases only slightly with an 

increase in t, because the increase In H is counteracted by a slight 
decrease in 04f_u. 


The trailing-edge-thickness parameter is defined as 

t 


®te _ 


s cos Pi 


(CS) 


The value of is directly increased by an increase in t,.and this 

increase is only slightly counteracted by the accompanying decrease in 
01 * 


Because the increase in t results directly in an increase in 8 te 

and indirectly In relatively small decreases in ® 3 _p and ® 3 _D> the 

blade loss total -pressure ratio decreases with an increase In t as 
shown by figure 9 for any specified number of blades. 
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Variation, of Number of Blades Only 

Consider next a variation of the number of blades N only while 
maintaining constant solidity, trailing-edge thickness, blade height, and 
blade outlet velocity and angle at station 2. Such a change in N would 
vary the trailing-edge blockage and the blade spacing s. An increase in 
s would increase Pi toward its limiting value it would also de- 

crease the value of b/s. A decrease in b/s could result in either an 
increase or-decrease in depending on the range of values of b/s, 

as can be seen by equation (12). With a change in there would be a 

corresponding change in 6 §_d of equation (C4) , affected only slightly by 

a small change in H with a small change in [rr— -] • Also, an increase 

V w cr/fs,L 

in s and the resulting small increase in Pp would result in a decrease 
in of equation (C5) . 

The effect of- the change in s (represented by a change in N in 
fig. 9) on the loss total -pressure ratio for a 5 te equal to zero is 

shown by the curve for t equal to 0 in figure 9. This curve of loss 
total -pressure ratio indicates the same trend as that for the momentum- 
thickness parameter shown in figure 7(a), considering the change in the 
shape of the curve as a result of using two different abscissas to repre- 
sent the change in blade number N. The effect of- varying the trailing- 
edge thickness t, which corresponds to changing S-te* is stLO ’ im for a 

range of values of t and N in figure 9, which is based on the stator 
of reference 8. 


Trailing-Edge Blockage Considerations 

As previously mentioned, the total -pressure loss increases as the 
trailing-edge thickness increases for a given number of blades; therefore, 
thin trailing edges are desirable from an aerodynamic standpoint. However, 
stress limitations and fabrication practices sometimes restrict the 
designer from specifying thin trailing edges. Even so, an attempt should 
be made to reduce the trailing-edge thickness as much as good judgment 
will allow. 

Considering the fact that there must be a finite trailing-edge 
thickness, which results in a flow blockage at the trailing edge, an ap- 
proximation of the optimum number of blades can be determined by calculat- 
ing the loss total -pressure ratio P^/Pq over a ran Se of values of t 

and N and plotting the results, on a family of curves such as those 
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shown in figure 9 . The point where P^/Pq a max i mut & would be the 
best design configuration based on the theory. 

Because the variation of blade loss with trailing-edge blockage 
depends on the outlet flow angle as well as the blade outlet Mach number 
(ref. l), the effect of varying trailing-edge blockage will vary from 
design to design. Therefore, for each design, a series of loss total- 
pressure ratios would have to be calculated as previously discussed to 
determine the effect of deviating from an optimum trailing-edge blockage. 
For example, figure 9 presents such a variation in loss total -pressure 
ratio for the stator of reference 8 with a design outlet critical veloc- 
ity ratio of 1.11 at a design angle of 62°. For this stator, it can be 
seen that for trailing-edge. thicknesses on the order of 0.010 inch the 
effect of varying the number of blades is small, but for thicknesses on 
the order of 0.050 inch the effect of varying the number of blades is 
large. These loss trends for varying blockages are similar to those 
that would be obtained for any other blade configuration, except that for 
lower exit velocities the effect of blockage would not be as great 
(ref. l) . 

LQ* 

^ The relative importance of trailing-edge thickness depends largely 

3 on the ranges of blockage and Mach number being considered and the effect 

_ on over-all performance (see ref. 12). A value of & te under 0.05 would 

not be considered detrimental in most cases, but values of 5 te over 

this value should be examined from the standpoint of the effect of 
blockage on the loss total -pressure ratio. It is possible, as indicated 
by figure 9, that high blockages could result in high losses in total 
pressure. Therefore, the selection of the final blade configuration 
should be guided to some extent by the contribution of the trailing-edge 
blockage to the over-all total -pressure loss. 
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TABLE I. - DATA FOR FIVE EXAMPLE TURBINES 


[Design values ere Based on conditions 
at blade mean radius.] 


Number of blades, N 

64 

44 

32 

24 

88 

Solidity, a 

2.586 

1.778 

1.293' 

0.970 

1.778 

Aspect^ratio, 

1.97 

1.97 

1.97 

1.97 

3.94 

Equivalent specific work output-, 
Ah'/0 cr , Btu/lb 

16.68 

16.14 

16.51 

16.66 

16.14 

Adiabatic- efficiency at design 
specific work output and 
speed, r) 

0.870 

0.891 

0.886 

0.865 

0.887 

Trailing -edge thickness, t, in. 





0.015 

Rotor-outlet relative critical 
velocity ratio, (w/w cr )2 

0.833 

0.854 

0.892 

0.935 

0.854 

Rotor -outlet- relative flow angle, 
$2, ieg 

49.9 



48.1 

45.6 

43.0 

48.1 
































Hub -tip radius ratio, r^/r^ 


Figure 4. - Optimum number of blades for ranges of hub-tip 
ratio and stagger angle, considering only blade viscous 
loss. Exponent m, l/5. 
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(a) Variation with blade-number ratio, 

Figure 7. - Variation of momentum-tMcEness-parameter ratio. Exponent m, l/5. 
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Momentum-thickness -parameter 
ratio, (CD/e!-D,min)| b / s ^e b 
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.4 .6 .8 1.0 1.2 1.4 1.6 

Solidity ratio, a/a opt 

(b) Variation with solidity ratio. 

Figure 7. - Continued. Variation of momentum-thickness-parameter ratio. 
Exponent m, l/5 . 
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(a) Variation with solidity ratio, blade unbar, and ratio of as past ratios for blades of constant height Reynolds amber. 


Plgurs 7. - Contiauad. Variation of ■osmtun-thicknasB-paramstar ratio, Sipooant n, 1/3. 
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Blade outlet relative flow angle, P 2 > deg 

Figure 10. - Optimum solidity for a range of blade inlet and outlet 
relative flow angles, based on assumptions of reference 13. 
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Figure 11. - Blade design variables used in determining stagger angles 
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